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Abstrat
We prove that a PQ-symmetri homeomorphism between two om-
plete metri spaes an be extended to a quasi-isometry between their
hyperboli approximations.
This result is used to prove that two visual Gromov hyperboli
spaes are quasi-isometri if and only if there is a PQ-symmetri home-
omorphism between their boundaries.
1 Introdution.
There are many results studying the geometry of hyperboli spaes from a
large sale point of view by looking at the boundary. Many of them are moti-
vated by questions about Gromov hyperboli groups and the results involve
group ations or other tehniques out of the geometri framework. For exam-
ple, F. Paulin (see [5℄) haraterizes, from the boundary, the quasi-isometries
between Gromov hyperboli spaes under the assumption that there is a
group ating isometrially and o-ompatly on them. There are also many
further results involving group ations, onsidering quasi-onformal stru-
tures on the boundary.
Other works, like [1℄ and [2℄, whih is the main soure for this paper,
restrit themselves to Gromov hyperboli spaes as geometri objets. In
[1℄ appears some useful onstrution, the hyperboli one X over a bounded
metri spae Z, whih is a hyperboli spae whose boundary is identied
with Z, ∂∞X = Z, and where the original metri in Z is a visual metri for
∂∞X. Then, they prove that PQ-symmetri maps between bounded metri
spaes an be extended to quasi-isometries between their hyperboli ones.
In [2℄, S. Buyalo and V. Shroeder introdue a speial kind of hyper-
boli ones alled hyperboli approximations, whih are dened in general
for non-neessarily bounded metri spaes. This hyperboli approximation
∗
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has the advantage of being geodesi (while the hyperboli one is only roughly
geodesi) and also, of inluding in the onstrution xed overings by balls
of the metri spae. With this, they obtain some extension of the mentioned
result in of M. Bonk and O. Shramm proving that quasi-symmetri home-
omorphisms between uniformly perfet, omplete metri spaes an be ex-
tended to quasi-isometries between the hyperboli approximations and they
haraterize from the boundary the quasi-isometry type of visual hyperboli
spaes with uniformly perfet boundary.
Herein, we generalize this result for omplete metri spaes and therefore,
give a neessary and suient ondition on the map between the boundaries
for two visual hyperboli spaes to be quasi-isometri.
The main results would be the following.
Theorem 1.1. For any PQ-symmetri homeomorphism f : Z → Z ′ of
omplete metri spaes, there is a quasi-isometry of their hyperboli approxi-
mations F : X → X ′ whih indues f , ∂∞F (z) = f(z)∀z ∈ Z. Moreover,
this quasi-isometry an be made ontinuous.
Corollary 1.2. Let X,X ′ be visual hyperboli geodesi spaes. Then, any
PQ-symmetri homeomorphism f : ∂∞X → ∂∞X
′
an be extended to a
quasi-isometry F : X → X ′.
Corollary 1.3. Two visual hyperboli geodesi spaes X, Y are quasi-isometri
if and only if there is a PQ-symmetri homeomorphism f with respet to any
visual metris between their boundaries with base points in X, Y respetively.
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2 The boundary at innity of a Gromov hyperboli
spae.
We reall some basi denitions about Gromov hyperboli spaes. There are
many referenes where a more detailed and deeper exposition an be found.
Let us ite among them just the work of Gromov [4℄, and the well known
book of Ghys and de la Harpe, [3℄.
Let X be a metri spae. Fix a base point o ∈ X and for x, x′ ∈ X put
(x|x′)o =
1
2(|xo|+ |x
′o|− |xx′|) where |xy| denotes the distane between x, y.
The number (x|x′)o is non-negative and it is alled the Gromov produt of
x, x′ with respet to o.
Denition 2.1. A metri spae X is (Gromov) hyperboli if it satises the
δ-inequality
(x|y)o ≥ min{(x|z)o, (z|y)o} − δ
for some δ ≥ 0, for every base point o ∈ X and all x, y, z ∈ X.
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Let X be a hyperboli spae and o ∈ X a base point. A sequene of
points {xi} ⊂ X onverges to innity if
lim
i,j→∞
(xi|xj)o = ∞.
This property is independent of the hoie of o sine
|(x|x′)o − (x|x
′)o′ | ≤ |oo
′|
for any x, x′, o, o′ ∈ X.
Two sequenes {xi}, {x
′
i} that onverge to innity are equivalent if
lim
i→∞
(xi|x
′
i)o = ∞.
Using the δ-inequality, we easily see that this denes an equivalene relation
for sequenes in X onverging to innity. The boundary at innity ∂∞X of
X is dened to be the set of equivalene lasses of sequenes onverging to
innity.
The notion of Gromov produt an be extended to points in the boundary.
Let ξ, ξ′ ∈ ∂∞X. Dene their Gromov produt by
(ξ|ξ′)o = inf lim inf
i→∞
(xi|x
′
i)o (1)
where the inmum is taken over all sequenes {xi} ∈ ξ and {x
′
i} ∈ ξ
′
.
A metri d in ∂∞X is said to be visual if there are o ∈ X, a > 1 and
positive onstants c1, c2 suh that
c1a
−(ξ|ξ′)o ≤ d(ξ|ξ′)o ≤ c2a
−(ξ|ξ′)o
for all ξ, ξ′ ∈ ∂∞X. In this ase, we say that d is a visual metri with respet
to the base point o and the parameter a.
Theorem 2.2. Let X be a hyperboli spae. Then for any o ∈ X, there is
a0 > 1 suh that for every a ∈ (1, a0] there exists a metri d on ∂∞X whih
is visual with respet to o and a.
In ase we have x ∈ X and ξ ∈ ∂∞X, to dene (ξ, x)o onsider in (1)
x′i = x.
Denition 2.3. A hyperboli spae is visual if for some base point o ∈ Y
there is a positive onstant D suh that for every y ∈ Y there is ξ ∈ ∂∞Y
with d(o, y) ≤ (y|ξ)o +D.
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3 Hyperboli approximation of metri spaes.
We reall here the onstrution of the hyperboli approximation introdued
in [2℄.
A subset V in a metri spae Z is alled a-separated, a > 0, if d(v, v′) ≥ a
for any distint v, v′ ∈ V . Note that if V is maximal with this property, then
the union ∪v∈VBa(v) overs Z.
A hyperboli approximation of a metri spae Z is a graph X whih is
dened as follows. Fix a positive r ≤ 16 whih is alled the parameter of
X. For every k ∈ Z, let Vk ∈ Z be a maximal r
k
-separated set. For every
v ∈ Vk, onsider the ball B(v) ⊂ Z of radius r(v) := 2r
k
entered at v.
Let us x more preisely the set V as the union, for k ∈ Z, of the set of
balls B(v), v ∈ Vk. Therefore, if for any v, v
′ ∈ Vk, B(v) = B(v
′), they
represent the same point in V , but if B(vk) = B(vk′) with k 6= k
′
, then they
yield dierent points in V . Let V be the vertex set of a graph X. Verties
v, v′ are onneted by an edge if and only if they either belong to the same
level, Vk, and the lose balls B¯(v), B¯(v
′) interset, B¯(v)∩ B¯(v′) 6= ∅, or they
lie on neighboring levels Vk, Vk + 1 and the ball of the upper level, Vk+1, is
ontained in the ball of the lower level, Vk.
An edge vv′ ⊂ X is alled horizontal, if its verties belong to the same
level, v, v′ ∈ Vk for some k ∈ Z. Other edges are alled radial. Consider
the path metri on X for whih every edge has length 1. |vv′| denotes the
distane between points v, v′ ∈ V in X, while d(v, v′) denotes the distane
between them in Z. There is a natural level funtion l : V → Z dened by
l(v) = k for v ∈ Vk. Consider also the anonial extension l : X → R.
Note that any (nite or innite) sequene {vk} ∈ V suh that vkvk+1 is
a radial edge for every k and the level funtion l is monotone along {vk}, is
the vertex sequene of a geodesi in X. Suh a geodesi is alled radial.
Assume now that the metri spae Z is bounded and non-trivial. Then
the largest integer k with diamZ < rk exists, and it is denoted by k0 =
k0(diamZ, r). For every k ≤ k0 the vertex set Vk onsists of one point, and
therefore ontains no essential information about Z. Thus, the graph X is
modied putting Vk = ∅ for every k < k0 and this modied graph is alled
the trunated hyperboli approximation of Z.
Proposition 6.2.10 in [2℄ states that:
Proposition 3.1. A hyperboli approximation of any metri spae is a
geodesi 2δ-hyperboli spae with 2δ = 3.
Also, if X is the hyperboli approximation of a omplete metri spae
Z, there is a anonial identiation ∂∞X = Z ∪ {∞} suh that the metri
of Z is visual on ∂∞X\{ω}, where {ω} is the unique point at innity rep-
resented by a sequene {vi} ∈ V with l(vi) → −∞ and orresponds to the
4
point {∞} added to Z. If Z is bounded and X is the trunated hyperboli
approximation of Z then ∂∞X = Z.
Let us reall the following lemma in [2℄ (6.2.2).
Lemma 3.2. For every v, v′ ∈ V there exists w ∈ V with l(w) ≤ l(v), l(v′)
suh that v, v′ an be onneted to w by radial geodesis.
Consider any subset V ′ ⊂ V . A point u ∈ V is a one point for V ′ if
l(u) ≤ infv∈V ′ l(v) and every v ∈ V
′
is onneted to u by a radial geodesi.
A one point of maximal level is alled a branh point of V ′. By lemma
3.2, for any two points v, v′ ∈ V there is a one point. Thus every nite V ′
possesses a one point and hene a branh point.
Denition 3.3. vk ∈ Vk is a splitting point of V if there is some vk+1 ∈ Vk+1
suh that B(vk+1) ( B(vk).
Lemma 3.4. Any branh point for two verties whih are not joined by a
radial geodesi is a splitting point.
Proof. Suppose vk is a one point of v, v
′
and it is not a splitting point.
For any vk+1 ∈ Vk+1 with B(vk+1) ⊂ B(vk) by denition B(vk+1) = B(vk).
Then, sine vk is joined to v and v
′
by radial geodesis, vk+1 is also a one
point and then, the branh point is at least in level k + 1.
Lemma 3.5. Suppose vk is a splitting point in a hyperboli approximation
with parameter r. Then,
rk+1 ≤ diamB(vk) ≤ 4r
k.
The following lemmas appear as 6.2.5, 6.2.6 and 6.2.7 in [2℄.
Lemma 3.6. Any two verties v, v′ ∈ V an be joined by a geodesi γ =
v0, ..., vn+1 suh that l(vi) < max{l(vi−1), l(vi+1)}.
Lemma 3.7. Any verties v, v′ ∈ V an be onneted in X by a geodesi
whih ontains at most one horizontal edge. If there is suh an edge, then it
lies on the lowest level of the geodesi.
Lemma 3.8. Assume that for some v, v′ ∈ V the balls B(v), B(v′) interset.
Then |vv′| ≤ |l(v)− l(v′)|+ 1.
The same argument of 3.8 yields:
Lemma 3.9. Assume that for some v, v′ ∈ V there is some vertex v′′ with
l(v′′) ≤ l(v), l(v′) and suh that B(v′′) intersets the balls B(v), B(v′). Then,
there exists a one point w for v, v′, v′′ suh that l(w) = l(v′′)− 1.
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Proof. Suppose B(v′′) = B(v′′, 2rk). There is some point w′′ ∈ B(v′′, rk−1)∩
Vk−1 and learly B(v
′′, 2rk) ⊂ B(w, 2rk−1). Also, there exist u, u′ ∈ Vk
joined by radial geodesis with v, v′, and sine B(v′′) intersets B(v), B(v′),
it intersets in partiular B(u), B(u′). Hene |uv′′|, |u′v′′| ≤ 1 and B(u), B(u′)
are ontained in B(v′′, 6rk) ⊂ B(w, 2rk−1).
Lemma 3.10. Let v1, v2 be any two verties in a hyperboli approximation
with parameter r. If w is a branh point for v1, v2, then
r2
4
≤
diam(B(v1) ∪B(v2))
diam(B(w))
.
Proof. By Lemma 3.9, there is no vertex at level l(w)+2 whose ball ontains
both B(v1), B(v2) and hene
diam(B(v1) ∪B(v2)) ≥
r2
4
diam(B(w))).
4 Extension of quasi-isometries.
The following denitions are lassial in asymptoti geometry. However,
there are dierent onventions in the literature for some of them. (In [1℄,
for example, they use the term "roughly quasi-isometri" instead of "quasi-
isometri" keeping this name for the partiular ase when the additive ons-
tant is 0). Let us x this onepts as they are stated in [2℄ whih is the main
referene for this paper.
Denition 4.1. A subset A ⊂ Y in a metri spae Y is alled a net if there
is a onstant D > 0 suh that ∀y ∈ Y , d(y,A) ≤ D.
Denition 4.2. A map between metri spaes, f : (X, dX ) → (Y, dY ),
is rough isometri if there is a onstant C > 0 suh that ∀x, x′ ∈ X,
|dY (f(x), f(x
′))− dX(x, x
′)| ≤ C. If f(X) is a net in Y , then f is a rough
isometry and X,Y are roughly isometri.
Denition 4.3. A map between metri spaes, f : (X, dX ) → (Y, dY ), is
said to be homotheti if if there are onstants a, b suh that ∀x, x′ ∈ X,
|dY (f(x), f(x
′))−a ·dX(x, x
′)| ≤ b. If f(X) is a net in Y , then f is a rough
similarity and X,Y are roughly similar.
Denition 4.4. A map between metri spaes, f : (X, dX ) → (Y, dY ), is
said to be quasi-isometri if there are onstants λ ≥ 1 and C > 0 suh that
∀x, x′ ∈ X, 1
λ
dX(x, x
′) − A ≤ dY (f(x), f(x
′)) ≤ λdX(x, x
′) + A. If f(X) is
a net in Y , then f is a quasi-isometry and X,Y are quasi-isometri.
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See [1℄ and [2℄. A quasi-symmetri homeomorphism in the boundaries an
be extended to a quasi-isometry for visual hyperboli spaes with uniformly
perfet boundaries at innity. See Theorem 7.2.1 an Corollary 7.2.3 in [2℄.
Denition 4.5. A map f : X → Y between metri spaes is alled quasi-
symmetri if it is not onstant and if there is a homeomorphism η : [0,∞) →
[0,∞) suh that from |xa| ≤ t|xb| it follows that |f(x)f(a)| ≤ η(t)|f(x)f(b)|
for any a, b, x ∈ X and all t ≥ 0. The funtion η is alled the ontrol funtion
of f .
Denition 4.6. A quasi-symmetri map is said to be power quasi-symmetri
or PQ-symmetri, if its ontrol funtion is of the form
η(t) = qmax{tp, t
1
p }
for some p, q ≥ 1.
Denition 4.7. A map between metri spaes is said to be bounded if the
image of any bounded set is bounded.
Proposition 4.8. A map f between metri spaes is PQ-symmetri if and
only if it is bounded and there exist onstants λ ≥ 1, A > 0 suh that for any
pair of non-trivial (i.e. with at least two points) bounded sets B2 ⊂ B1,
A
(diam(B2)
diam(B1)
)λ
≤
diam(f(B2))
diam(f(B1))
≤
1
A
(diam(B2)
diam(B1)
) 1
λ
. (2)
Proof. Suppose f is a PQ-symmetri map with onstants p, q. Obviously it
is bounded. Let B2 ⊂ B1 be any pair of non-trivial bounded sets and x, a
any pair of points in B2 with |xa| ≥
1
2diam(B2). Consider t ≥ 1 suh that
|xb| ≤ t · |xa| for every b ∈ B1 and suh that there exists b0 ∈ B1 with
|xb0| ≥
t
2 |xa|.
Clearly,
diam(B2)
diam(B1)
≤
|xa|
t
2 |xa|
=
4
t
. (3)
Sine f is PQ-symmetri with onstants p, q, |x′b′| ≤ qtp|x′a′| for x′ =
f(x), a′ = f(a), b′ = f(b). Thus,
diam(f(B2))
diam(f(B1))
≥
|x′a′|
2qtp|x′a′|
≥
1
2q
(1
t
)p
.
From this, together with (3), we obtain that
diam(f(B2))
diam(f(B1))
≥
1
2q
·
1
4p
·
(diam(B2)
diam(B1)
)p
. (4)
We use a similar argument for the upper bound. Consider x ∈ B2, a ∈ B1
with |xa| ≥ 13diam(B1) and t ≤ 1 suh that |xb| < t|xa| for every b in B2
and suh that there exist b0 ∈ B2 with 2|xb| > t|xa|.
7
Clearly,
diam(B2)
diam(B1)
≥
t
2 |xa|
3|xa|
=
t
6
. (5)
Sine f is PQ-symmetri with onstants p, q, |x′b′| ≤ qt
1
p |x′a′| with
x′, a′, b′ denoting f(x), f(a), f(b). Thus,
diam(f(B2))
diam(f(B1))
≤
2qt
1
p |x′a′|
|x′a′|
≤ 2qt
1
p .
This, together with (5) yields
diam(f(B2))
diam(f(B1))
≤ 2q6
1
p ·
(diam(B2)
diam(B1)
) 1
p
. (6)
Therefore, it sues to onsider λ = p and A := 1/max{2q4p, 2q6
1
p }.
Now let a, b, x ∈ X with |xb| ≤ t|xa|. Dene B2 := {a, x} and B1 :=
{a, b, x}. Clearly, t|xa| ≤ diam(B1) ≤ (t+ 1)|xa| and
1
t+ 1
≤
diam(B2)
diam(B1)
≤
1
t
.
Sine f is bounded, the diameter diam(f(Bi)) is a positive real number,
and there are onstants λ ≥ 1, A > 0 suh that
A
( 1
t+ 1
)λ
≤
diam(f(B2))
diam(f(B1))
≤
|f(x)f(a)|
|f(x)f(b)|
and
|f(x)f(b)| ≤ diam(f(B1)) ≤
1
A
(t+ 1)λ · |f(x)f(a)|. (7)
Now let B′2 := {x, b}. Clearly,
1
t
|xb| ≤ diam(B1) ≤ (1 +
1
t
)|xb| and
t+ 1
t
≤
diam(B′2)
diam(B1)
≤ t.
From (2), we get that
|f(x)f(b)|
diam(f(B1))
≤
1
A
(t)
1
λ
and
|f(x)f(b)| ≤
1
A
(t)
1
λ · diam(f(B1)).
This, together with (7), yields
|f(x)f(b)| ≤
1
A
(t)
1
λ ·
1
A
(t+ 1)λ · |f(x)f(a)|. (8)
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If t ≥ 1, then (t+ 1)λ ≤ 2λ · tλ and from (7) we obtain that
|f(x)f(b)| ≤
2λ
A
(t)λ · |f(x)f(a)|.
If t < 1, then (t+ 1)λ ≤ 2λ and from (8) we obtain that
|f(x)f(b)| ≤
2λ
A2
t
1
λ · |f(x)f(a)|.
Therefore, making p = λ and q = max{2
λ
A
, 2
λ
A2
}, f is PQ-symmetri.
Denition 4.9. A map is metrially proper if the inverse image of a bounded
set is bounded.
Proposition 4.10. If f is a PQ-symmetri, then it is metrially proper.
Proof. Let V be a bounded non-trivial set in Y and suppose f−1(V ) is not
bounded. Consider B′2 := {y1, y2} any pair of points in V , B2 = {x1, x2}
with xi = f
−1(yi) i = 1, 2 and suppose D = diam(V ). Now we an hoose
B2 ⊂ B1 ⊂ f
−1(V ) with diam(B1) as big as we want, and by 4.8, this leads
to ontradition with
diam(f(B2))
diam(f(B1))
≤
1
A
(diam(B2)
diam(B1)
) 1
λ
for xed onstants λ,A.
The following tehnial lemma will be used in the proof of the theorem.
The inequality is only needed to depend on the xed onstant, so it is not
pretended to be optimal.
Lemma 4.11. Let A1 ⊂ D1, A2 ⊂ D2 be bounded sets in a metri spae
with diam(Di) ≤ a · diam(Ai), i = 1, 2 for some onstant a > 1. Then,
diam(D1 ∪D2) < (4a+ 2)diam(A1 ∪A2).
Proof. Consider y1, y2 ∈ D1 ∪D2 suh that
1
2diam(D1 ∪D2) < d(y1, y2). If
y1, y2 ∈ Di, for i = 0, 1 then diam(D1∪D2) < 2diam(Di) ≤ 2a ·diam(Ai) ≤
2a · diam(A1 ∪A2) holding the ondition of the lemma. Otherwise, suppose
(relabelling if neessary) y1 ∈ D1 and y2 ∈ D2. Then, for any x1 ∈ A1,
x2 ∈ A2,
1
2diam(D1 ∪ D2) < d(y1, y2) ≤ d(y1, x1) + d(x1, x2) + d(x2, y2) ≤
a · diam(A1) + diam(A1 ∪ A2) + a · diam(A2) ≤ (2a + 1)diam(A1 ∪ A2)
nishing the proof.
The main theorem is a natural extension of Theorem 7.4 in [1℄ (for larity,
the statement is adapted to the denitions as used along this paper) and
Theorem 7.2.1 in [2℄:
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Theorem 4.12 (Bonk-Shramm). Any PQ-symmetri homeomorphism f :
Z → Z ′ of bounded metri spaes an be extended to a quasi-isometry between
their hyperboli ones fˆ : Con(Z)→ Con(Z ′).
Theorem 4.13 (Buyalo-Shroeder). For any quasi-symmetri homeomor-
phism f : Z → Z ′ of uniformly perfet, omplete metri spaes, there is a
quasi-isometry of their hyperboli approximations F : X → X ′ whih indues
f , ∂∞F (z) = f(z) ∀z ∈ Z.
Theorem 4.14. For any PQ-symmetri homeomorphism f : Z → Z ′ of
omplete metri spaes, there is a quasi-isometry of their hyperboli approxi-
mations F : X → X ′ whih indues f , ∂∞F (z) = f(z) ∀z ∈ Z. Moreover,
this quasi-isometry an be made ontinuous.
Proof. Let X,X ′ be hyperboli approximations of Z,Z ′, let us assume (with-
out loss of generality, see 4.15) that they are dened with the same parameter
r, and let V, V ′ be their sets of verties. Consider also, λ,A the onstants of
the haraterization shown in 4.8 of being PQ-symmetri.
Claim 1. For every vertex v ∈ V there is a vertex v′ ∈ V ′ for whih
the ball B(v′) ontains f(B(v)) and suh that l(v′) is maximal. This is
onsequene of f being bounded.
Consider |V | the set of splitting points in V . Note that for any v ∈ |V |,
B(v) is a non-degenerated ball.
Let us dene rst the map F restrited to |V |. For every v ∈ |V |, let
F (v) = v′ with v′ any point holding the ondition in Claim 1. Note that, for
any other point v′′ with the same ondition, learly B(v′) ∩ B(v′′) 6= ∅ and
hene |v′v′′| ≤ 1.
Claim 2. There exist onstants λ ≥ 1 and C0 > 0 suh that for any pair
of verties v1, v2 in |V | with B(v1) ⊂ B(v2) (in partiular, if they are joined
by a radial geodesi)
1
λ
|v1v2| −C0 ≤ |F (v1)F (v2)| ≤ λ|v1v2|+ C0.
Let k1 = l(v1) and k2 = l(v2), and let us suppose k2 ≥ k1. As we saw in
Lemma 3.5, sine vi are splitting points, r
ki+1 ≤ diam(B(vi)) ≤ 4r
ki
. Then,
r
4
· r(k2−k1) ≤
r · rk2
4rk1
≤
diam(B(v2))
diam(B(v1))
≤
4rk2
r · rk1
=
4
r
· r(k2−k1).
This, together with 2, yields:
A
(r
4
· r(k2−k1)
)λ
≤
diam(f(B(v2))
diam(f(B(v1)))
≤
1
A
(4
r
· r(k2−k1)
) 1
λ
.
Now, if k′1 = l(v
′
1) and k
′
2 = l(v
′
2), r
k′i+1 ≤ diam(f(B(xi, ǫi))) ≤ 4r
k′i
,
and therefore,
r
4
· r(k
′
2−k
′
1) ≤
diam(f(B(v2))
diam(f(B(v1)))
≤
4
r
· r(k
′
2−k
′
1).
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and hene we have:
A
(r
4
· r(k2−k1)
)λ
≤
4
r
· r(k
′
2−k
′
1)
and
r
4
· r(k
′
2−k
′
1) ≤
1
A
(4
r
· r(k2−k1)
) 1
λ
.
obtaining that
r
4
A
(r
4
· r(k2−k1)
)λ
≤ r(k
′
2−k
′
1) ≤
4
r
1
A
(4
r
· r(k2−k1)
) 1
λ
.
Taking C1 = logr(A(
r
4 )
1+λ), C2 = logr(
1
A
(4
r
)1+
1
λ ) and C3 := max{|C1|, |C2|},
sine logr is dereasing, it is readily seen that
1
λ
(k2 − k1)− C3 ≤ k
′
2 − k
′
1 ≤ λ(k2 − k1) + C3.
Sine B(F (v1))∩B(F (v2)) 6= ∅, by Corollary 6.2.7, k
′
2−k
′
1 ≤ |F (v1)F (v2)| ≤
k′2 − k
′
1 + 1 and making C0 := C3 + 1, this proves Claim 2.
Claim 3. There exist onstants λ ≥ 0, C > 0 suh that F ||V | is a (λ,C)
quasi-isometri map. Consider any pair of verties v1, v2 ∈ |V | suh that
none of the balls B(vi) ontains the other (hene, they are not joined by
a radial geodesi). Let w be a branh point for them and notie that by
Lemma 3.4, w ∈ |V |. Now |v1w| + |wv2| − 1 ≤ |v1v2| ≤ |v1w| + |wv2|. Let
w′ be a branh point for F (v1), F (v2). Again, |F (v1)w
′| + |w′F (v2)| − 1 ≤
|F (v1)F (v2)| ≤ |F (v1)w
′| + |w′F (v2)|. Therefore, if there is a onstant C4
depending only on r, λ,A suh that |F (w)w′| ≤ C4, then Claim 4 follows
immediately from Claim 3 substituting onstant C0 by C = C0 + 2C4. Let
us show how the existene of C4 omes from (2).
Let l(w) = kw, and onsider B2 = B(v1)∪B(v2) and B1 = B(w). As we
saw in Lemma 3.10
r2
4
≤
diam(B2)
diam(B1)
.
Applying 2, we obtain that
A
(r2
4
)λ
≤
diam(f(B2))
diam(f(B1))
≤ 1. (9)
Clearly, B(w′)∩B(F (w)) 6= ∅. Then |w′F (w)| ≤ |k′
F (w)− k
′
w′ |+1 where
k′
F (w) = l(F (w)) and k
′
w′ = l(w
′), and it sues to bound |k′
F (w) − k
′
w′ |.
It is immediate to hek that
rk
′
w′
+1 ≤ diam(B(F (v1)) ∪B(F (v2))) ≤ 4r
k′
w′ ,
and
r
k′
F (w)
+1
≤ diam(f(B1)) ≤ 4r
k′
F (w) .
11
We an apply Lemma 4.11 with Ai = f(B(vi)) and Di = B(F (vi)). Sine
diam(B(F (vi))) ≤
4
r
diam(f(B(vi))), we obtain that
diam(B(F (v1)) ∪B(F (v2))) ≤
(16
r
+ 2
)
· diam(f(B2)) (10)
From these, it an be readily seen that
A
(r2
4
)λ
≤
diam(f(B2))
diam(f(B1))
≤
4
r
r
k′
w′
−k′
F (w)
and
r2
4(16 + 2r)
r
k′
w′
−k′
F (w) ≤
diam(f(B2))
diam(f(B1))
≤ 1.
Taking logarithms to the base r in these inequalities we an bound
|k′
F (w) − k
′
w′ | + 1 with a onstant C4 only depending on A,λ, r and prove
the laim.
Claim 4. For any vertex v ∈ V \|V | suh that B(v) is not degenerated
nor the whole spae, there exist verties v1, v2 ∈ |V | with B(v2) ⊂ B(v1)
and a radial geodesi [v2, v1] ontaining v. Moreover, we an ask v1, v2 to
be at maximal and minimal level respetively with that property. This is
immediate from the denition of splitting point.
Consider v ∈ V \|V | and v1, v2 ∈ |V | as in Claim 4. Note that, though
for v′1 = F (v1) and v
′
2 = F (v2) l(v
′
1) ≤ l(v
′
2), they might not be joined by
a radial geodesi. Nevertheless, B(v′1) ∩ B(v
′
2) 6= ∅ and therefore there is
another vertex w′1 whih is in the same level of v
′
1, l(w
′
1) = l(v
′
1), and suh
that w′1 is joined by a radial geodesi with v
′
2 and by a horizontal edge with
v′1. Now suppose that in the geodesi path [v1, v2], abusing of the notation,
v = t·v1+(1−t)·v2 for some t ∈ (0, 1). Let us dene F (v) = t·w
′
1+(1−t)·v
′
2
in [w′1, v
′
2].
Claim 5. A dierent hoie of the points v1, v2, w
′
1 desribed in Claim 4
yields a dierent map, F ′, whose distane to F is uniformly bounded by a
onstant. First, note that any dierent hoie for v1 would be a vertex u1
with l(u1) = l(v1), B(u1) would interset B(v1) and hene |u2v2| ≤ 1. From
the denition of splitting point, it is lear that B(v2) = B(v) and therefore,
the eletion of v2 is unique.As we saw in Claim 3, F ||V | is a (λ,C)-quasi-
isometri map. Hene, |w′1w
′′
1 | ≤ λ+ C + 2 for any vertex w
′′
1 at distane 1
from F (u1). It is lear that |l(F (v))− l(F
′(v))| ≤ λ+C +2, and by Lemma
3.8, it is readily seen that |F (v)F ′(v)| ≤ 2λ+ C + 3 onluding Claim 5.
Consider v ∈ V suh that B(v) = {v}. Let kv the minimal k suh that
{v} ∈ Vk. Obviously, for every k ≥ kv, {v} ∈ Vk so let us denote vk the
vertex at level k given by this degenerated ball (B(vk) = {v}). There is some
vertex u ∈ Vkv−1 suh that {v} ∈ B(u). Consider k
′ = l(F (u)) and dene
kf(v) = k
′ + 1. Now, for every k ≥ kf(v) let v
′
k be a vertex in V
′
k ontaining
{f(v)} and joined by a radial edge with v′k+1 (this an be always onsidered
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taking verties in B(f(v), rk) ∩ V ′k). Finally, let us dene F (vk) = v
′
k′ with
k′ = k − kv + kf(v) for every k ≥ kv.
Note that for k > kv , the vertex vk is only joined by radial edges with
vk−1, vk+1 and that |F (vkv )F (u)| ≤ 2. Thus, the radial geodesi ray from vkv
towards {v} is sent isometrially to a radial geodesi ray from v′kf(v) towards
{f(v)}.
If the metri spaes Z,Z ′ are unbounded then F is already dened on V .
The only ase left, is when v is suh that B(v) = Z, but then, onsidering
the trunated hyperboli approximations, it sues to make F (v) the vertex
in the minimal level of X ′.
Claim 6. There exist onstants λ ≥ 1, C ′ > 0 suh that F |V is a (λ,C
′)
quasi-isometri map on the verties. We already proved this for verties in
|V |. Let v1, v2 ∈ V representing non-degenerated balls. If v1, v2 are joined by
a radial geodesi the laim is immediate from the onstrution. Otherwise,
let w be a branh point for them (then w ∈ |V |). Thus, the upper bound
will be lear from Claim 2 and the onstrution of F . The same argument
from Claim 3 on the existene of C4 gives us now the lower bound.
If vi for i = 0 or 1 is a degenerated ball, onsider the minimal level ki suh
that {vi} ∈ Vki and its ball is still degenerated and let ui be a vertex with
l(ui) = ki−1 and suh that B(vi) ( B(ui). If vi has at least two points, just
let ui = vi. F is a (λ,C)-quasi-isometry on u1, u2 and |F (ui)F (vi)| = |uivi|
where the geodesis (in ase ui 6= vi) [ui, vi], [F (ui), F (vi)] are radial and
isometri.
If F (u1), F (u2) are distint and not joined by a radial geodesi then
|F (v1)F (v2)| = |F (v1)F (u1)|+ |F (u1)F (u2)|+ |F (u2)F (v2)|
and it follows that F is a (λ,C)-quasi-isometry on v1, v2.
Otherwise, the upper bound, |F (v1)F (v2)| ≤ λ|v1, v2| + C, is lear but
not the lower one.
Note that for any branh point b(F (v1), F (v2)) of F (v1), F (v2),
|F (v1)b(F (v1), F (v2))| + |b(F (v1), F (v2))F (v2)| − 1 ≤ |F (v1)F (v2)| ≤
≤ |F (v1)b(F (v1), F (v2))|+ |b(F (v1), F (v2))F (v2)|.
Then, it sues to hek that the distane between b(F (v1), F (v2)) and
b(F (u1), F (u2)) is bounded by a onstant C5 = C5(A,λ, r) to assure that
|F (v1)F (v2)| ≥ |F (v1)F (u1)|+ |F (u1)F (u2)|+ |F (u2)F (v2)| − 2C5 − 1 ≥
≥ |v1u1|+
1
λ
|u1u2| − C + |u2v2| − 2C5 − 1.
This implies that making C ′ := C + 2C5 + 1, F is a (λ,C
′) quasi-isometri
map.
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Clearly, by denition of F (vi), any branh point, b(F (u1), F (u2)), of
F (u1), F (u2) is a one point for F (v1), F (v2). Then, it sues to bound
l(b(F (v1), F (v2)))−l(b(F (u1), F (u2))) ≤ C6 for some onstant C6 = C6(λ,A, r)
and make C5 = C6 + 1. Let us see how this omes from 2.
Let B2 = B(v1) ∪ B(v2) and B1 = B(b(u1, u2)) with b(u1, u2) a branh
point for u1, u2. Sine b(v1, v2) intersets both B(u1) and B(u2), it an be
readily seen that |b(v1, v2)b(u1, u2)| ≤ 1 and therefore it is immediate to
hek that
r2
4
diam(B(b(v1, v2))) ≤ diam(B(b(u1, u2))) ≤
4
r2
diam(B(b(v1, v2))).
Also, by lemma 3.10,
diam(B(v1) ∪B(v2)) ≥
r2
4
diam(B(b(v1, v2))).
Thus,
diam(B2)
diam(B1)
≥
r2diam(B(v1) ∪B(v2))
4 · diam(B(b(v1, v2)))
≥
r4
42
,
and applying 2,
diam(f(B2))
diam(f(B1))
≥ A
(r4
42
)λ
.
Note that F (b(u1, u2)) is a vertex in a maximal level with f(B1) ⊂
B(F (b(u1, u2))) and therefore, diam(f(B1)) ≥
r
4diam(B(F (b(u1, u2)))). Then
it follows that
diam(B(b(F (v1)), B(F (v2))))
diam(B(F (b(u1, u2))))
≥
diam(f(B2))
diam(B(F (b(u1, u2))))
≥
r
4
A
(r4
42
)λ
.
From this, together with the existene of a onstant C4 = C4(A,λ, r)
suh that |F (b(u1, u2))b(F (u1), F (u2))| ≤ C4 whih was proved in Claim 3,
is easily obtained C6 proving the laim in the unbounded ase. If Z,Z
′
are
bounded it is trivial to hek that the laim is true also when we onsider
the image of v for B(v) = Z.
Claim 7. F |V an be extended to a quasi-isometri map on the hyperboli
approximation X. This is immediate sine we have already dened this map
in a set whih is 1-dense (i.e. any point in the spae is at distane ≤ 1 to
the set) in the hyperboli approximation. Also notie that if for every edge
[v, v′] in X we dene the image to be any geodesi path [F (v), F (v′)] in X,
F is in fat a ontinuous quasi-isometri map.
Claim 8. F is a quasi-isometry. Let us see that there is a onstant C7
suh that for any v′ ∈ V ′, |v′F (X)| ≤ C7. Sine f is a homeomorphism there
is some ball and, in partiular, some vertex v2 ∈ V suh that f(B(v2)) ⊂
B(v′). Also, by 4.10, the map is metrially proper. In partiular, there
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is a vertex v1 ∈ V suh that there is a radial geodesi from v2 to v1 and
B(v′) ⊂ f(B(v1)) with l(F (v1)) ≥ l(v
′).
The map F is a (λ,C) quasi-isometry on [v2, v1]. Then, sine l(F (v2)) ≥
l(v′) ≥ l(F (v1)), there is a vertex v ∈ [v2, v1] suh that |l(F (v)) − l(v
′)| ≤
λ + C. Clearly, B(F (v)) intersets B(F (v2)) and, therefore, B(v
′). Hene,
by Lemma 3.8, d(v′, F (X)) ≤ λ+C + 1 =: C7.
Claim 9. The indued map in the boundary is f , i.e. ∂∞F (z) = f(z)∀z ∈
Z. Any point z ∈ Z an be identied with a point in ∂∞X given by a
sequene of verties {vk}k∈N suh that vk ∈ Vk and z ∈ B(vk), whih learly
onverges at innity. The sequene F (vk) also onverges at innity and
hene, denes a point ∂∞F (z) in Z
′
, and it is neessarily f(z), whih is, by
onstrution, in B(F (vk)) for every k.
Let us reall Corollary 7.1.6 in [2℄, in whih visual metris with base
points in the spaes are supposed on the boundaries:
Theorem 4.15 (Buyalo-Shroeder). Visual hyperboli geodesi spaes X,X ′
with bilipshitz equivalent boundaries at innity are roughly similar to eah
other. In partiular, every visual hyperboli spae is roughly similar to any
hyperboli approximation of its boundary at innity; and any two hyperboli
approximations of a omplete bounded metri spae Z are roughly similar to
eah other.
From 4.14 and 4.15, we have:
Corollary 4.16. Let X,X ′ be visual hyperboli geodesi spaes. Then, any
PQ-symmetri homeomorphism f : ∂∞X → ∂∞X
′
(with respet to any visual
metris between their boundaries with base points in X, Y respetively) an
be extended to a quasi-isometry F : X → X ′.
The next result also appears in [2℄:
Theorem 4.17. Let f : X → Y be a quasi-isometri map of hyperboli
spaes. Then f naturally indues a well-dened map ∂∞f : ∂∞X → ∂∞Y of
their boundaries at innity whih is PQ-symmetri with respet to any visual
metris with base points in X, Y or with base points ω ∈ ∂∞X, ∂∞f(ω) ∈
∂∞Y respetively.
From this and 4.14, we onlude that,
Corollary 4.18. Two visual hyperboli geodesi spaes X, Y are quasi-
isometri if and only if there is a PQ-symmetri homeomorphism f with
respet to any visual metris between their boundaries with base points in X,
Y respetively.
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